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In this paper we are concerned with the problem of existence and uniqueness of 
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1. INTRODUCTION 
The problem about the existence of almost-periodic solutions of abstract 
differential equations has been the subject of much activity over the 
past several years. We refer to the works of Zaidman [ 15, 163, Rao and 
Hengartner [ll], Bart and Goldberg [2], Cioranescu [3], and Lizama 
[6] and also to their references. 
In this paper we will present a generalization of some results contained 
in these works. Using recent characterizations of asymptotically almost 
periodicity [ 121 and results on exponential vectors [9, lo] we obtain new 
results on the existence of asymptotically almost-periodic solutions of first 
order differential equations in Banach spaces. 
Let X be a complex Banach space with norm /I. // . We shall denote by 
B(X) the algebra of bounded linear operators on X endowed with the 
operator norm. 
Suppose T is a strongly continuous semigroup on A’, then 
o(T)= lim 
ln II T(t)ll 
r-+x t 
(1.1) 
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is called the growth bound of T. It is well known that for every real 
number c1> o(T) there exists a constant M > 1 such that 
II T(t)ll G Me”‘, t z 0. (1.2) 
The semigroup T is called uniformly stable if o(T) < 0. This concept of 
stability is very restrictive. In applications to differential equations it is 
frequently sufficient to consider semigroups which satisfy some weaker 
stability conditions. The semigroup T is called strongly stable if T(t) x --+ 0, 
as I-+ +cc, for every xEX. 
Let A be the infinitesimal generator of T. If a(A) denotes the spectrum 
set of A, then 
s(A)=sup{Re(;l) :1~a(A)} (1.3) 
is called the spectral bound of A. It is well known that s(A) d co(T). 
Following Triggiani Cl43 we say that T satisfies the Spectrum Determined 
Growth Assumption (abbreviated, SGA) if s(A) = o(T). This condition 
holds for every semigroup eventually norm continuous [7, Theorem A- 
11.1.201, which is very common in the applications. 
On the other hand, we say that A satisfies the Strong Spectral 
Decomposition Assumption (abbreviated, SSDA) if there exists a constant 
6>0 such that a(A)z {Iec: IRe(i)la6} and the set rri= (1~a(A): 
Re(1)>6} is bounded. In this case o(A)=o, u ez, where o2 = {n~a(A) : 
Re(l) < -S}, is a decomposition of o(A) in two spectral sets. Let Pi be the 
projection associated with gi and let Xi be the range space of Pi, i = 1,2 
(Nagel [ 7, Theorem A-III, 3.31). Then X= Xi 0 X, and each Xi is an 
invariant space under A. Let Ai be the restriction of A to Xi and Ti the 
restriction of T to Xi, i= 1, 2. Then Ti is a strongly continuous semigroup 
with infinitesimal generator Ai, i= 1,2. Moreover, A1 is a bounded 
operator. 
Next, for completeness, we shall establish the almost-periodicity notions 
that will be needed. We shall denote by Z either the real line Iw or the half- 
line &I + = [0, + co). First we shall give the Bohr-Bochner’s definition. 
DEFINITION 1. A continuous function f : Z-t X is said to be almost- 
periodic (a.p.) if for every E > 0, there exists a set P, relatively dense in 
Z such that 
II f(t + 7) -S(t)ll G 6 (1.4) 
for every t E Z and every t E P,. 
In the sequel we shall designate by C,(I; X) the Banach space of 
bounded continuous functions from Z into X endowed with the uniform 
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convergence norm and we shall write C,( R + ; X) for the space of 
continuous functions from R + into X which vanish at infinity. Further, the 
set of almost-periodic functions from I into X will be denoted by AP(Z; X). 
DEFINITION 2. A continuous function f: R+ -+ X is called asymptoti- 
cally almost periodic (a.a.p.) if there are functions ge AP(R; X) and 
q E C,( R+ ; X) such that f(t) = g(t) + q(t), for every t >/ 0. 
The set of all a.a.p. functions from [W+ into X will be denoted by 
AAP(R+; X). For the properties of a.p. and a.a.p. functions the reader is 
referred to [l, 12, 13, 151. 
For 1 dp < cc we denote by &(I; X) the space of functions from 
I into X which are locally p-integrable in Bochner’s sense. A function 
,f~ L&, (I; X) is called p-Stepanov bounded (abbreviated, SP-bounded) if 
(1.5) 
We designate by Lg(Z; X) the set of SP-bounded functions. It is well 
known that Lg(I; X) provided with the norm II II sP is a Banach space. 
DEFINITION 3. A function f~ Lg(Z; X) is called almost periodic in 
the sense of Stepanov (in short, P-almost-periodic) if the function 
7: I-+ Lp( [0, 11; X), defined by 
j+)(s)=f(t+s), dEZ,SE[O, 11. (1.6) 
is almost periodic. 
For the basic properties of SP-almost-periodic functions, the reader is 
referred to [ 11. Next, for the sake of brevity, we use the reduced notation 
LpX instead of Lp([O, l];X). 
DEFINITION 4. We say that f E Lg (R +; X) is an asymptotically 
SP-almost-periodic function ify: [WC -+ LpX is a.a.p. 
Furthermore, a function f: [w- + X is defined to be a.a.p. or asymptoti- 
cally SP-a.p. if the function f ( - t), t B 0, is a.a.p. or asymptotically SP-a.p., 
respectively. 
We close this section with the following result that will be needed for our 
treatment of asymptotically SP-almost-periodic functions. We say that a 
sequence (fn)n of locally integrable functions is equi-integrable if for each 
I: > 0 there exists 6 > 0 such that 
(1.7) 
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for every lebesgue measurable set E with m(E) < 6, where m denotes the 
Lebesgue measure. 
LEMMA 1. Let f: R! + + X be an asymptotically SP-almost-periodic 
function. Then, 
(i) There are two locally p-integrable functions g : 58 -+X and 
q : R + --) X that verifv the following conditions: 
(a) g is SP-almost periodic, 
(b) 4 belongs to C,(R+; LpX), 
(c) f(t)=g(t)+q(t), for allt30. 
Moreover, there exists an increasing sequence (t,), with t, + + co, such that 
g(t) = lim,, m f (t + t,,), a.e. for t B 0. 
(ii) If f is a continuously differentiable function and (f ‘( t + t,)), is an 
equi-integrable sequence, then it is possible to choose g as a continuous 
function. 
ProojI (i) This assertion is exactly Lemma 1 in [S]. 
(ii) We will shown that f (t + t,) is convergent, as n -+ co, for every 
t 2 0. In fact, for each E > 0 there exists 6 > 0 such that 
f E IIf’(s+tn)ll dsG& (1.8) 
for all measurable sets E with m(E) < 6. Let us choose t’ 2 0 such that 
1 t - t’ 1~ 6 and the sequence (f (t’ + t,)), is convergent. Then, from the 
relation, 
+ “f’(s + tm) ds, f f 
we conclude that (f (t + t,)),, is a Cauchy sequence. Therefore, we may 
redefine g(t) = lim or all tcR and q(t)=f(t)-g(t), for t>O. 
Now, using (1.8) in;;“f(t+ t’) f 
g(t)-g(s)=g(t)-f(t+t,)+f(s+t,)-gts)+~rf’(~+tJd~ 
s 
we obtain that g is continuous. 
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2. ASYMPTOTICALLY ALMOST-PERIODIC SOLUTIONS 
Throughout this section we denote by X a complex Banach space and we 
indicate by T a strongly continuous semigroup of operators on X with 
infinitesimal generator A. 
We need the following extension of Example 5.2. in [ 151. 
LEMMA 2. Let f: R+ +X be an asymptotically S’-almost-periodic 
,function. If T is an uniformly stable semigroup then the,function 
x(t)=J’T(t-s)f(s)ds, t30 (2.1) 
0 
belongs to AAP(R+; X). 
Proof In view of Lemma 1, there exists a decomposition f(t) = g( t) + 
q(t), where g and q are S’-bounded functions, g is S’-almost periodic, and 
q belongs to Co(R’; L’(X)). Therefore, 
r(t)=[‘T(t-s)g(s)+[‘T(t-s)q(s)d.(. 
0 0 
and we will prove that the first integral in the right-hand side defines a 
function u E AAP(R+; X) while the second integral defines a function 
u E C,( IR + ; X). Hence we will conclude that x = u + u belongs to 
AAP(lR+; X). 
We may assume that 
II T(t)ll <Me-“‘, t 3 0, (2.2) 
for some constants A4 B 1 and c( > 0, and that 
sup ,>0 j,‘+’ II &)/I dsdL. (2.3) 
Then for every r > 0 we may write 
u(t+z)-u(t)= j;+’ T(t+r-s)g(s)ds-j’T(t-s)g(s)ds 
0 
= J“ T(t+s)g(r-s)ds+j’ T(t-s)(g(s+T)-g(s))ds. 
0 0 
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Hence we obtain that 
II f4t + t) - u(t)ll 
I 
T 
<M e-et+s) 
0 
/I g(z-s)ll ds+M~;e-“‘-” (I g(s+r)-g(s)11 ds 
<Me-” f c’~/~~+’ (I g(s)/1 ds 
k=O 
+~~-a’ i edk+l)j 
ktl 
II ds + 7) -&)ll 4 (2.4) 
k=O 
k 
where n is the greatest integer < t + 1. Now, since g is a Si-almost-periodic 
function, for all E’ > 0 there exists a relatively dense set P,. such that 
5 
k+l 
II g(s+~)-g(s)ll dsG&’ k (2.5) 
for all integers k 20 and every z E P,,. Therefore, substituting (2.3) and 
(2.5) into (2.4) we infer that 
(2.6) 
From this last inequality we deduce that for every E >O there exist a 
relatively dense set P (P = P,,, for E’ appropriate) and a constant t, > 0 
such that 
II u(t + t) - 4t)lI GE 
for all t 2 t, and every r E P. This shows [15] that u is an asymptotically 
almost-periodic function. 
On the other hand, let m be a positive integer and m < t, then 
u(t)= T(t-m)Jom T( m -s) q(s) ds + J’ T(t - s) q(s) ds. 
m 
In this expression the first term of the right-hand side converges to zero as 
t -+ + co. With respect to the second term, since q E C,(R+; L’X) for every 
E’ > 0 we may choose m so that 
s kfl IIs(s)ll dsG&‘> tlk>m. (2.7) k 
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Let n be the greatest integer < t + 1. Using (2.7) we obtain 
T(t-s)q(s)ds <j” Me~z(‘-S) IIq(s)ll ds 
II m 
n-1 
<~~-a’ 1 ecNc+l) 
II qb) II ds 
k=m 
Me” 
< - E’. 
1 -e-’ 
Therefore, for every E >O there exists t, > 0 such that I/ u(t)ll <E, for all 
t> t,. 
COROLLARY 1. Assume that the hypotheses of Lemma 2 hold. Then the 
mild solutions of the abstract differential equation 
i(t) = Ax(t) +f(t), 
x(0) = x0 
are asymptotically almost periodic. 
t 3 0, (2.8 1 
(2.9) 
ProoJ The assertion is an immediate consequence of Lemma 2 since 
the mild solutions of the initial value problem (2.8)-(2.9) are given by the 
expression 
x(t)=T(t)x,+ j’T(t-s)f(s)ds 
0 
and T(t)x,-+O, as t-+ +co, for every x,EX. 
It is possible to avoid the lack of unicity of a.a.p. solutions of Eq. (2.8) 
considering this equation on [w. 
A continuous function x: Iw ---f X is said to be a mild solution of the 
equation 
i(t) = Ax(t) +f(t), fE[W, (2.10) 
if 
x(t)= T(t-a)x(a)+j’ T(t-s)f(s)ds 
0 
(2.11) 
for every a E Iw and every t 2 a. 
The next theorem extends a result of Rao and Hengartner [ll]. 
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THEOREM 1. Let f: R +X be a S’-bounded function. If f is asymptoti- 
cally S’-almost periodic on R + and tf the semigroup T is untformly stable, 
then there exists a unique bounded and asymptotically almost-periodic mild 
solution of (2.10). This solution is given by 
x(t) = j’ T(t-s)f(s)ds. 
-00 
(2.12) 
Furthermore, tf f is continuously differentiable and f' is S’-bounded, then 
x(t) is a strong solution of (2.10). 
Proof The uniqueness is an immediate consequence of boundedness 
[16]. Furthermore, since f is S l-bounded on R the formula (2.12) defines 
a bounded mild solution of (2.10). In fact, if we assume that 
and 
II T(t)ll ,< Me-“‘, t 2 0, 
s 
t+1 
II f (s)ll ds G 4 te[W, , 
for some constants M 2 1, L > 0, and a > 0, then 
IIx(t)l( < “c’ 
k= -cc 
A4 jl” e-cr(r-s) )I f(s)11 ds+Mj’ e-a(r-s) II f(s)/1 ds, 
n 
where n is the greatest integer <t. Therefore 
IIx(t),l <ML(es+ I) 
which shows that x( .) is a bounded function on R. On the other hand, for 
t>o 
x(t) = T(t) j” 
-cc 
T(-s)f(s)ds+ jrT(t-s)f(s)ds. 
0 
In this expression, the first term of the right-hand side converges to zero as 
t --, + co and, by Lemma 2, the second term defines an asymptotically 
almost-periodic function. Hence we conclude that x E AAP( IR +; A’). 
If f is also continuously differentiable and f' is S-bounded, then the 
same proof carried out in [ 111 serves to show that x is a strong solution 
of (2.10). 
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The preceding theorem can be extended to include some equations of 
type (2.10) where the semigroup generated by A is not uniformly stable. 
First we present a slight generalization of a result contained in [4]. 
LEMMA 3. Let f: Iw -+X be an S’-bounded function. If A is a bounded 
linear operator defined on X such that min Re o(A) > 0, then there exists a 
unique bounded mild solution x of Eq. (2.10). The function x is given by 
x(t)= - jW e -A’“-“f(s) ds. 
r 
(2.13) 
Moreover, iff is S’-a.p. then x is almost periodic and iff is asymptotically 
S’-a.p. then x is an a.a.p. function. Further, if f  is a continuous function then 
x is a strong solution of (2.10). 
The proof is very similar to the demonstration carried out in Lemma 2 
and Theorem 1 and, for the sake of brevity, we omit it. 
COROLLARY 2. Let f:R -+ X be an asymptotically S1-almost-periodic 
function which is S-bounded. Suppose that A satisfies the SSDA with 
constant 6 > 0 and that the semigroup T, satisfies the SGA. Then there exists 
a unique bounded asymptotically almost-periodic solution of (2.10). This 
solution may be represented by the formula, 
x(t)=Jrn G(t - s)f b)ds, tER, (2.14) 
-a2 
where the.function G is defined by 
G(t)= T,(t) f’,, 
t30 
-eA”P,, t-co 
and 
IIx(t)ll “j+ 1l.f IISI, (2.16) 
(2.15) 
where C is a constant that depends only on the operator A. 
Further, i f f  is continuously differentiable and f’ is S l-bounded on iw then 
x is a strong solution of (2.10). 
Proof. We consider the decomposition X = X, @ Xz of space X 
associated to the decomposition of the spectrum of A in the sets 
a,={A~o(A):Re(A)36} and o,={;1~.a(A):Re(A)d-6}, introduced 
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in Section 1. This decomposition, in turn, implies a decomposition of (2.10) 
in two equations 
where 
i-l(t) = A1x,(t) + P,f(th te(W, (2.17) 
h(t) = AZ-%(t) + P2f(f), tcR, (2.18) 
xi(t) = PiX( t), i= 1,2. 
Since A, is a bounded linear operator on X, and Re o(A,) > 6 all the 
assumptions of Lemma 3 are satisfied for Eq. (2.17). Therefore, there exists 
a unique bounded solution of (2.17) given by 
x,(t) = sm eeA1(‘-‘)Plf(s) ds 
f 
(2.19) 
which is also asymptotically almost periodic. 
On the other hand, as the semigroup T, satisfies the Spectrum 
Determined Growth Assumption and a(A,)= c2, then T, is uniformly 
stable. Using Theorem 1 we infer that 
x2(t) = If T,(t - $1 Pzf(s) ds 
-cc 
(2.20) 
is the unique bounded and a.a.p. mild solution of (2.18). Hence, it is clear 
that the solution x(t) = x,(t) + x*(t) is given by (2.14). 
Furthermore, there are constants M, z 1 and M,> 1 such that 
IJe-alr]l <Mlee6.* and I/ TJt)jl <M2ee6.‘, for every t > 0. Now, using 
(2.19) and (2.20) to estimate the norms of xl(t) and x*(t), respectively, we 
find that 
,, x(t),, < Ml II Pl II + M2 II p, II 
1 -e-6 II f II S’Y 
which completes the proof of (2.16). 
The last affirmation on strong solutions is a direct consequence of 
Theorem 1 and Lemma 3. 
REMARK 1. If the hypotheses of Corollary 2 hold and we assume 
additionally one of the hypotheses (a) or (b) below: 
(a) the function f is asymptotically S’-a.p. on Iw-; 
(b) there exists t,E Iw such that the set {f(t) : t < to} is relatively 
compact; 
then the solution x has relatively compact range. 
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Proof. We know that the function x is continuous on [w and a.a.p. (on 
[w + ). This shows that (x(t) : t 3 to} is a relatively compact set. If we sup- 
pose (a), proceeding as in the proof of Corollary 2 we obtain that x is also 
an a.a.p. on [w - function. In order to demonstrate the assertion in case (b), 
it is sufficient to show that the sets Ci= {x,(t) : t f to), i= 1, 2, are 
relatively compact. This is a consequence of (2.19), (2.20), and the uniform 
stability of semigroups e - ‘If and T*(t). Since the proof in both cases uses 
the same argument we will only prove that C2 is a relatively compact set. 
In fact, for every a > 0 we may write 
For the first integral in the right-hand side we obtain 
where II f  II z = SUP {II fb)ll : - cc bs d to}. On the other hand, the set 
(T,(t--s)P2f(s)ds:t-a<s<t} isincludedinthesetK={T,(z)P,y: 
0 d r <a, y =f(s), s < to}. It is clear that K is independent of t and from 
the hypothesis it follows that K is a relatively compact set. By the mean 
value theorem for the Bochner integral we infer that 
s ’ r,(t-S)P2f(S)dsEa.c(K), f-c.4 
where c(K) denotes the convex hull of K. Therefore, for each E >O there 
exists a compact set K, such that C2 c K, + B,(O), where B,(O) denotes the 
open ball (4’ E X: /I y II < E}. This implies that C, is relatively compact. 
Certainly, the Strong Spectrum Decomposition Assumption is a very 
restrictive hypothesis on the operator A. It is therefore of interest to 
consider operators which satisfy some weaker conditions. 
Following Radyno [9] we say that x E X is an exponential vector of A 
if there exist two positive constants c and ~1 such that I( A&x (I < c . .uk, for all 
k E N. Clearly every eigenvector of A is also an exponential vector of A. For 
each v E N we shall denote by X, the subspace formed by the exponential 
vectors x such that II Akx I/ < c. v k, for every integer k 3 0. When endowed 
with the norm 
X, becomes a Banach space. 
(2.2 I ) 
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The restriction of A to XV is a bounded operator that we will denote by 
A,. We refer to Radyno [9] for the properties of exponential vectors. Next 
we collect some of them, which we will need later. 
Remark 2. (i) If T(t)=eAV’, YEN, t E Iw, then 
II TJt)llx, d II T(t)119 t 2 0. (2.22) 
(ii) If the space Exp,X= lJ,“=, X, of exponential vectors is dense in 
X then each element x E X has a representation x = C,“=, x,, where x, E X, 
and C,“= 1 II x, Ilx, < + ~0. 
(iii) For each v E kJ, a(A,) E o(A). 
(iv) If x, : I-+ XV, v E N, are a.p. (respectively, a.a.p.) functions such 
that CZ 1 II xJt)llx,, converges uniformly with respect to t EZ, then the 
function x:Z+X, x(t)=CT=,x,(t) is a.p. (respectively, a.a.p.). 
We shall now turn our attention to the relations between the solutions 
to Eqs. (2.8)-(2.10) and the solutions to the equation 
a”(t) =&x,(t) +fv(th tEz, VEN. (2.23) 
(v) Let f: Iw + X be a locally integrable function such that 
f(t)=C,“=lf,(t), where eachf,: R + X, is a locally integrable function and 
C,“= I 11 f,(t)/ X, converges uniformly on bounded intervals. If x,(t) is a mild 
solution of (2.23) and C,“= i Ilx,(t)llx, converges uniformly on bounded 
intervals, then x(t)=C,“_l x,(t) is also a mild solution of (2.8)-(2.10). 
(vi) Suppose that the previous hypotheses hold. If each function 
fy is continuous, and the series C,“=, v II x,(t)11 Xv converges uniformly on 
bounded intervals then x(t) = C,“=, x,(t) is a strong solution of 
Eqs. (2.8)-(2.10). 
In view of the fact that A, is a bounded operator, if a(A”) n ilw = @, then 
A, satisfies the SSDA. Let 6, > 0 be a constant such that I Re(l)l > 6, for 
every n~u(A,). In this situation, we denote by C, the constant associated 
to A, as in Corollary 2. 
THEOREM 2. Let T be a strongly continuous semigroup with infinitesimal 
generator A such that a(A) n ilw = Qi. Let f: aB + X be a locally integrable 
function such that f = I,“=, f”(t), where each fv : Iw + X, is a S l-bounded and 
asymptotically S ‘-almost-periodic function such that C,“= 1 (I fv (t) (1 x, 
converges uniformly on bounded interuals and x,“= 1 (C,/(l - e-6V))ll fv IIs1 < 
+ co. Then Eq. (2.10) has a bounded asymptotically almost-periodic solution. 
ProoJ Since a(A,) E o(A), then a(A,) n ilw = @. We already have men- 
tioned that in this case A, satisfies the SSDA, with some constant 6, > 0. 
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Therefore, Corollary 2 implies that Eq. (2.23) for I= IR has a unique 
bounded asymptotically almost-periodic solution x,,(t). Furthermore 
Set x(t) = C,“= 1 x,(t), t E iw. Since C,“= I /I x,,(t)\lx, converges uniformly, 
from Remark 2(iv)-(v), it follows that x is a bounded a.a.p. solution of 
(2.10). 
COROLLARY 3. If the hypotheses of Theorem 2 hold and f,,, v E N, are 
continuous functions such that 
(2.24) 
then (2.10) has a bounded a.a.p. strong solution. 
Proof Let x(t) be the mild solution constructed in the previous 
theorem. Using Remark 2(vi) it is easy to see that x is a strong solution of 
Eq. (2.10). 
COROLLARY 4. Suppose that the hypotheses of Theorem 2 hold. If T is 
untformly bounded and, for each v E N, one of the following conditions is 
satisfied: 
(a) the function f,, is asymptotically S’-a.p. on [w- ; 
(b) there exists t,E R, such that the set {f,,(t) : t < t,,} is relatively 
compact; 
then Eq. (2.10) has a unique a.a.p. mild solution with relatively compact 
range. 
Proof We observe initially that the solution x(t) constructed in 
Theorem 2 has relatively compact range. In fact, from Remark 1 it follows 
that B(x,) is a relatively compact set in X,,. Since C,“=, x,,(t) converges 
uniformly to x(t), we conclude that g’(x) is also relatively compact. 
In order to prove the unicity, we assume that there exists another a.a.p. 
mild solution y(t) with relatively compact range. Set z(t) = x(t) - y(t), then 
z(t) is also an a.a.p. function with relatively compact range and 
for every a < t. 
z(t) = T(t -a) z(a), (2.25) 
Let us consider the set 
E={u~x: T(t)uisana.a.p.onlR+}. 
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It is easy to see that E is a closed invariant subspace of the semigroup T 
and that z(a) E E, for all c1 E [w. Therefore, S= TI, is an asymptotically 
almost periodic semigroup with infinitesimal generator 2 = A IE. By a 
recent result of Ruess and Summers [12, Corollary 2.31 the semigroup S 
can be decomposed in two parts: a component almost periodic and a 
component strongly stable. Specifically if we define the subspaces 
E, = {u E E : T( ) u is an a.p. function ) 
E,={u~E:T(t)u+O,t+co} 
then E, and E2 are closed invariant subspaces of E and E = El @E,. Since 
o(A” lE,) E c(A”) c a(A), then D(A” lE,) n iIw = @. Using the characterization 
of almost-periodic semigroups obtained by Bart and Goldberg [2] we infer 
that E, = (0). Consequently we have T is a strongly stable semigroup on 
E. Since L&?(z) is a relatively compact set then T(f) z(a) --) 0, t + co, 
uniformly with respect to UE R. Now, we complete the proof taking the 
limit as a + - cc in (2.25). 
We return to the problem of existence of asymptotically almost-periodic 
solutions to Eq. (2.8). For completeness we mention the following results 
contained in Nagel [7, Theorem A-IV, 2.11 and Zaidman 115, Chap. 51, 
respectively. 
LEMMA 4. Suppose that T is a strongly stable semigroup. If there exists 
z E D(A) such that JF (1 f(t) - AZ 1) dt < + GO, then every mild solution of 
(2.8) converges to -z, us t + + 00. 
LEMMA 5. Let G be an almost-periodic strongly continuous group of 
operators with infinitesimal generator A. If there exists z E D(A) such that 
l; I( f(t) - AZ )I dt < + 00, then every mild solution of (2.8) is asymptotically 
almost periodic. 
COROLLARY 5. Suppose that T is an asymptotically almost-periodic 
semigroup and f: R + +X is a locally integrable function such that 
lz I( f(t) - AZ (1 dt < + 03, for some element z E D(A) for which the function 
T(. ) z is almost periodic. Then every mild solution of (2.8) is a.a.p. 
Proof Proceeding as in the demonstration of Corollary 4, we introduce 
the subspaces 
E, = {x E X : T( . ) x is an a.p. function ) 
F2= (xEX: T(t)x-+O, t--, +co} 
then E, and E, are closed invariant subspaces of X and X= E, @ E,. If we 
denote by Ti the restriction of T to Ej, and by Ai the restriction of A to 
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E,, i = 1, 2, then T, is an almost-periodic semigroup with infinitesimal 
generator A 1 ; T, is a strongly stable semigroup with intinitesimal generator 
A, and T = T, 0 T,. Moreover, it is well known [2] that T, can be 
extended to 03 as a group of operators. 
Let Pi, i = 1,2, be the projections associated to the decomposition of X. 
We will consider the equations 
and 
~-l(t)=A,x,(t)+P,f(f), t 3 0, (2.26) 
h(f) = AAf) + P2f(t)> f >, 0. (2.27) 
In view of ZEE, and 
j- llP,f(t)-A,4 dt=I’= IIP,f(t)-P,AzII dt 
0 0 
6 IlPlII i= Il./It)-AzIl dt ” 
then, from Lemma 5 we infer that the mild solutions of (2.26) are a.a.p. 
Similarly, from Lemma 4 we obtain that the mild solutions of (2.27) 
converge to zero, as t -+ + co. Therefore, every mild solution of (2.8) is 
a.a.p. 
Our purpose now is to present a generalization of the last result using 
the properties of exponential vectors. We recall that a set A E R is said to 
be harmonious if {e”” : ;1 E A} is a set of uniformly almost-periodic func- 
tions on R. Moreover, a strongly continuous semigroup T on X is called 
uniformly almost periodic if the set of functions { T( . ) x : I/ x (I $ 1 } is 
uniformly almost periodic. 
The following result has been established by Bart and Goldberg [2]. 
LEMMA 6. Zf T is an almost-periodic semigroup and the set A = ( l/i) a( A) 
is harmonious, then T is uniformly almost periodic. 
Next we indicate by a,(P), a,(P), and o,.(P) the point, residual, and 
continuous spectrum, respectively, of an operator P. 
Our main result is the following theorem. 
THEOREM 3. Let T be an asymptotically almost-periodic semigroup with 
infinitesimal generator A. Suppose that Exp, X is dense in X and that 
(l/i) o(A) n R is a harmonious set. Let f: [W+ + X be a locally integrable 
function such that f = C,“=, f,, where each fv : R+ + X, is a locally 
integrable function. Suppose also that there are exponential vectors y, E X, 
such that each function T( .) y, is almost periodic, CF!, I/ y, (Ix, < + 00, and 
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c,“= 1 so” II f,(t) -A” y, (Ix, < + co. Zf one of the following conditions is 
satisfied: 
(a) there exists c > 0 such that 11 A T(t) x I( < c/t, for every x E D(A “) 
and t>O; 
(b) for every ;1 E a,(A), Re(l) < 0; 
then the mild solutions of Eq. (2.8) are asymptotically almost periodic. 
ProoJ: Let E, and E2 be the subspaces introduced in the demonstration 
of Corollary 5. Then for each v E N, 
X,=X,,nE,@X,nE,. (2.28) 
In fact, if x E X, and x = zi + z2 with Z~E Ei, i= 1,2, from the proof of 
Theorem 2.2. in [12] it follows that zi belongs to the positive w-limit set 
of motion T(t) x. Therefore, there exists a sequence t, + + a~, as n --, + co, 
such that T(t,) x + z,, as n + + co. Now we fix kc N. Since the positive 
orbit y +(Akx) = {T(t) Akx : t > 0} is a relatively compact set in X, then the 
sequence (T(t,) Akx), has a subsequence (T(t&) Akx), which converges in 
x Let uk = lim,,, T(t&) Akx. In view of the fact that Ak is a closed 
operator we conclude that z1 E D(Ak) and Akz, = uk. Furthermore, since 
the semigroup T is uniformly bounded, there exists a constant Ma 1, such 
that 1) T(t)11 d M, for every t > 0. Consequently, 
11 Akz, 11 = 11 uk 11 
= lim 11 T(t&) Akx)I 
m-rcc 
Hence. 
sup 11 Akz, II < sup ~4 II Akx II 
kD0 Vk k>O Vk 
=M. II~IIX”. 
From this inequality we infer that z, E XV and 1) zi IlxV < A4 )I x /lx,. 
Therefore, XV is the direct sum of the closed subspaces XV n EI and 
X,nE,. 
Next we will prove that the uniformly continuous group T,,(t) = eAv’ 
defined on XV is asymptotically almost periodic. In view of (2.28) it is suf- 
ficient to show that T, JXvn E, is an almost-periodic group and that T, I Xvn E2 
is a strongly stable semigroup. 
Initially we observe that the semigroup S= T(,, is uniformly almost 
periodic. In fact, since S is almost periodic then a(A , ) c a(A) n ilw. Hence 
we obtain that (l/i) a(A,) is a harmonious set and the assertion is a 
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consequence of Lemma 6. This result implies that for every E’ > 0, there 
exists a relatively dense set P,, such that 
sup I/ S( t + r ) 3c - S(t) x /I < a’, 
t>0 
(2.29) 
for every r E P,,,, and every x E E,, with I/ x )I < 1. 
In order to prove that T,, ) x, n E, is almost periodic, given E > 0 and for 
every x E X,, A E, we can write 
II e 
/I Ak(eAl’x - eAv”+ “x)11 
k20 Vk 
=sup (s(r)-s(l+r))~ 
k20 II 
In view of the fact that { Akx/vk : k 2 0 j is a bounded set in E,, there exists 
c > 0 such that /I Akx/vk /I d c, for all k 3 0. Now, using (2.29) with E’ = e/c, 
we obtain that 
II T,(t)x- T,(t+r)xII,\,<d 
for all t >, 0 and t E P,,. Consequently, the function T,,( . ) x is almost 
periodic. 
In order to show that TV ) X,n E, is strongly stable, we observe initially 
that, in the terminology of Radyno [lo], 
X,nE,sX,nE,c ... rX,nEE,c ... SE, 
is the Banach-space scale associated to the operator B = A I E2. We shall 
denote by B, the restriction of B to X, n E,. Therefore B, is a bounded 
linear operator and o(B,) E a(B). Moreover, since B is the generator 
of the semigroup TI E2 and this semigroup is strongly stable, then 
0 4 q,(B) LJ c,(B). 
If we assume that condition (a) holds, then B, generates a bounded 
holomorphic semigroup [7, Definition A-II, 1.111. In fact, for every 
x E X,, n E, and every t 3 0 we may write 
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and the assertion is a consequence of Theorem 2.5.2. in [8]. Finally from 
[7, Corollary A-IV, 1.141 we infer that the semigroup eBv ” is strongly 
stable. 
On the other hand, if we suppose that condition (b) holds then 
o(B,) E (2 E C : Re(1) < 0} = @-. In fact, since B generates a strong stable 
semigroup it follows that o,(B) ua,(B)c C- and as a,(B) E a,.(A) then 
a(B,) c a(B) c C-. Since B, is a bounded operator, this implies that eBY’ is 
uniformly stable. 
As we have mentioned, the semigroup S= Tj E, is uniformly almost 
periodic. From this fact it is easy to see that for each v E N, the function 
T,,( - ) y, is almost periodic on X,. 
Now, using Corollary 5 we obtain that the solutions to the equation 
k(t) =&G(t) +f,(t), t>o, VEN, (2.30) 
are asymptotically almost periodic. 
Let us consider now Eq. (2.8) with initial condition x(0) = x0. In view of 
the fact that the space Exp,X is dense in X, the element x0 has a represen- 
tation x0 = C,“= I x0,“, where x,,” EX, and C,“= 1 IIx~,~ IIx, -c + co. Let x,(t) 
be the solution of Eq. (2.30) with initial condition x0,“. Then we can write 
x,(t)= Wbo,,+[t, T,(t-s)(f,(s)-A.y,)ds+(T,(t)-~)y,. (2.31) 
Using this expression and the hypotheses, we obtain the estimation 
f IIxJt)ll,~~ f II 
“=l 
“=, xo,vIIx,+M f jm IL(S)-AyvIlxydS 
v=l 0 
+W+l) f IlY& 
v=l 
which implies that the series C,“= I x,(t) converges uniformly on [w + to 
some function x(t). Consequently we obtain that x is asymptotically almost 
periodic and x(0) =x0. On the other hand, the Lebesgue Dominated 
Convergence Theorem implies that x is a mild solution of (2.8). This 
completes the proof. 
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